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IN HONOUR OF THE SEVENTIETH BIRTHDAY OF PROFESSOR CHOWLA 
Let q be a prime. Let p be a further prime, p = 1 (mod q). Let f(x) = 
(x + ap (x + aJWz * * * (x + u,,J’+‘m be a polynomial, with integers 0 < a, < 
a, < a.- C a, < P, and non-negative integers wj, j = l,..., m, where 
(q, w,) = 1. We shall find it convenient to write 1 for a, - a,. Let x(n) be a 
Dirichlet character of order q (mod p). 
THEOREM. Let p > (813)’ hold. Then there is a positive integer t, not 
exceeding (81”)‘. with the following property: 
If x(J(n)) has a constant value on the interval A < n <A + H, where 
A > 0, A + H + a,,, < p, then there is a polynomial w(n) with coeflcients 
(mod q), of degree at most 1, so that 
x(n) = exp(2ziq-‘v(n)) 
holds over the interval t-‘B < n < t-‘(B + H), B = [A] + a,. 
As an application of this theorem suppose that x(f(n)) has a constant 
value on the interval 0 < n < H, where H < p - a,,, and 
H > (813)‘+’ (a, + 1)‘. 
Then x(n) = exp(2niq-‘v(n)) will hold over an interval t- *a, < n < 
t-‘(a, + H). 
All of the numbers (a, + j)‘, 1 < j < 21+ 1, lie in the interval (a,, t- ‘H], 
so that 
evCW-‘y/((a, f A’)) = x(h + 3’) = x(al + A’ 
= exp(2lriqq’ 21&r + j)). 
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The polynomial ~((a~ + x)‘) - 21&z, + x), which is of degree at most 21, has 
at least the formal roots 1, 2,..., 21+ 1 (mod q). If q > 21+ 1 this situation is 
only possible with w  identically zero. Hence x(n) = 1 must hold for t-la, < 
n<t-‘(a, +H). 
Moreover, for each integer r, 2 < r ( t-la, (if there are any), we can find 
a positive integer w  so that t-la, < P < (t-la,)‘. Then ~(r”‘+‘) = 1 =x(P), 
so that x(r) = 1. 
Hence x(n) = 1 must hold for 0 < n < t- ‘H. 
Let us now consider the possibility that q < 21. In this case, replacing n by 
qn, noting that ty(qn) has a constant value (mod q), we see that x(n) has a 
constant value for (qt)-’ a, < n ,< (qt)-’ (a, + H). It is now straightforward 
toprovethatX(n)=IforO(ng(qt)-‘H,andsoforO<n,<(21t)-‘H. 
In either case we have established 
COROLLARY. If x( f (n)) has a constant value for 0 < n < H, H < p - a,,,, 
H> (a, + 1)” (81’)‘+‘, thenx(n)=1jbrO<n((813)-‘-‘H. 
Results of this kind have been obtained with other methods by Burgess f2] 
and Stephens [6]. However, unlike theirs, the method of the present paper 
gives a result which does not depend upon the order q of the character. 
There is a limit to how large H, can be in order that x(n) = 1 may hold 
for 0 < n ,< Ho. From a result of Burgess [ 1] we deduce that H, = O,(P”~) 
must hold for any fixed E > 0, with p = (4 &)-I. For characters of high 
order q, indeed more may be asserted. (See, for example, Norton [7].) In any 
case we have shown that whatever the value of o, if k is an integer, p a 
prime p = 1 (mod k), and x a character of exact order k (modp), then there 
is an n, not exceeding 0,(p4+ ‘), /? = (4 fi)- ‘, for which xv(n)) # w. 
In the particular case in which q = 2, we can prove that the equation 
y* = (x + aJ(x + a*) *.- (x + a,) (mod P), 
where 0 ( a, < a, ... < a,,, ( p has a solution with the x variable bounded 
independently ofp. A result of this type, conjectured by Chowla and Chowla 
131, was first established by Stephens [5]. According to our corollary, if 
there is no solution to this congruence with 0 < x < H, where H is a number, 
not exceeding p - a,,,, but satisfying H > (a, + 1)3 (8P)‘+‘, then every 
integer n up to (8P)-‘-’ H is a quadratic residue (mod p). In particular the 
numbers aj + 1, 1 < j ( k, are quadratic residues, which gives a solution to 
the above congruence with x = 1, and so a contradiction. 
Hence, so long as (x + a,) . . . (x + a,) is not identically a square (mod p) 
we can solve the congruence with 
0 < x < 2(a, + 1)3 (813)‘+ ‘. 
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Better could be done by a careful application of the arguments of this paper. 
It is convenient to first establish the following simple result. 
LEMMA. If d is a positive integer then 2q(d) > d’13. Here q denotes 
Euler’s totient function. 
Proof. Let d = 2Sd,, where d, is odd. Let pf’ +.. pik be the canonical 
factorisation of d,. Then 3k < d, < d. Moreover, 
(o(d) = 2”-‘d, fi ( 1 -$) > 2”-‘d, . 2-‘( = d2-k-1. 
r=, I 
Since log 23 < log 3’, 
< 2d”’ 
and the lemma is proven. 
Proof of the theorem. We apply ideas from the author’s treatment of 
certain problems concerning additive arithmetic functions, Elliott [4]. 
Let b = (..., b(-2), b(-1), b(O), b(l),...) be a typical doubly infinite 
sequence whose elements are residue classes (mod q). We introduce a shift 
operator E which acts on the space of all sequences b by Eb(n) = b(n + 1). 
Given any polynomial 
F(x) = 2 pjxv 
j=l 
with coefficients in the field K of residue classes (mod q), we define a 
corresponding operator 
F(E) = $ ,ujE’i 
j=I 
whose action takes a typical sequence member b(n) to the residue class 
k pjb(n + ri) 
j=l 
(mod q). In an obvious way we define the sum and product of two 
polynomial operators. The ring of operators so obtained is isomorphic to the 
ring of polynomials in one variable, with coefficients in K. 
Let g be a primitive root (mod p). Then we can express our character x(n) 
in the form 
exp(2xiiindn), 
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where n = gindR (mod p), an d u is fixed, (u, q) = 1. The function h(n) = ind n 
takes values in the field K under the natural map n t--1 ind n (mod q) so long 
as (n, p) = 1. If n is divisible by p we write h(n) = 0. The function h(n) is 
additive in the sense that h(ub) E h(a) + h(b) (mod q) holds so long as 
neither of the integers u, b is divisible by p. 
Assume now that x(f(n)) = o, a constant, holds for A < n <A + H. This 
condition is equivalent to E”G(E) h(n) = cu, , 0 < n & H, where a = a, + [A], 
G(E) is the operator 
2 wjEaj-"r, 
j=l 
and wi has the value (mod q) determined by exp(2zio, q-‘) = w. 
The polynomial G(x) splits completely over some extension field L of K, 
G(X) = Wm n (X - aj), I=a,-a,, 
j=l 
say. Let the degree of L over K be s. Then a,)‘= 1 with y = qs - 1, by Little 
Fermat. Let d be the smallest positive integer for which a:’ = 1. Thus d 
divides qs - 1, and is not a multiple of q. The number a, satisfies an 
irreducible cyclotomic polynomial of degree 9(d) over K. This same 
polynomial must be a polynomial factor of G(x). In particular 9(d) does not 
exceed I, so that by the lemma d ( 813. 
Let dj be the minimal positive integer such that aj”, = 1, j = I,..., I, and let t 
be the least common multiple of the dj, 1 < j < 1. Then a,! = 1 for every 
integer j, 1 < j ,< 1. Moreover 
t < 4 -a - d, < (8Z3)‘. 
Consider the polynomial 
G,(x) = w, n (x’ - a$ = w,(x’ - 1)‘. 
j=l 
This polynomial clearly belongs to the ring K[x]. 
For each value of j, (x - aj) divides (x’ - a:) in the ring L[x]. Hence G(x) 
divides G,(x) in L[x], and so (since it is a principal ideal domain) also in 
Gl. 
Let G,(x) = M(x) G(x). Then M(x) has degree (t - 1) 1. Define a 
polynomial 
H(x) = x”GJx), 
641/13/l-2 
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(t-1)1 
M(x) = c c,x’. 
r=o 
Thenfor-(t-l)a<n<H-((t-l)(a+1)wehave 
H(E) h(n) = F’G(E) - E”- %4(E) h(n) 
=Cc,E’G(E)h(n+(t-l)a+r)=Cc,w,=w,, (1) 
r r 
where the constant o2 has the value M( 1) cur. 
From our construction of G,(x) there is a representation 
H(x) = i zkxtbk, y=l+a. 
k=l 
Replacing n in (1) by fn we see that 
for -(l - t-‘) a < n < t-*17 - (1 - t-l)@ + I). Since h(n) is essentially 
additive we have 
Etbkh(tn) = h(t{n t bk}) = h(n + bk) + h(f) 
and 
i t,Eb%(n) = w2 - h(t) 2 tk=Wj. (2) 
k=l k=l 
Note that t < (8$)’ ( p, and that for every integer n in which we are 
interested 
The polynomial 
Y  
s SkXbk 
k=l 
REDUCIBLE POLYNOMIAL 17 
which is obtained by replacing xt in H by x has the representation 
X%, h (x-a,!)= w,xyx- 1)‘. 
j=l 
We can thus write (2) in the form 
E=(E - 1)’ h(n) = w4, 
withw,=w,‘w,,for-(l-t-‘)a(n&t-‘H-(I-t-’)(a+I). 
Define the sequence 
z(n) = E“(E - 1 )‘- ’ h(n) - w, n, n > -(I - t-1) a, 
= 0, n<-(1 -r-‘)a. 
(3) 
We see from (3) that z(n + 1) -z(n) = (E - 1) z(n) = 0 for -(l - t-‘) a < 
n < t-‘H - (1 - t-‘)(a + I). By summation we deduce that over the range 
-(l-t-l)a<n<t-‘H-(l-t-i)(u+I)+l there is a representation 
E”(E - l)‘-r h(n) = wJ + w4 n for some constant w, . Arguing in this manner 
we may inductively reduce the exponent I in (3) to zero, eventuahy proving 
that over the range -( 1 - t-‘) a < n Q t-‘H - (1 - t-‘)(a t I) + 1, E’h(n) is 
a polynomial in n of degree at most 1. 
After a change of variable we obtain a polynomial r&r), of degree at most 
1, so that x(n) = exp(2lriq-‘W(n)) holds for t-la < n Q t-‘H + t-la - 
(1 -t-‘)f+E. 
The theorem is now established. 
Concluding Remark. In connection with the theorem the following 
problem seems to have interest. Assuming that a polynomial w(x) (mod q), 
has degree at most 1, and coincides with an additive function (mod q) for 
D < x < D t H,, how big must H,, be (in terms of q) before w  is reduced to 
a constant? 
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